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In 1977 Rhoades [1] listed a large number of contractive
conditions for a self map as well as a pair of maps on a
complete metric space, that yield ﬁxed points or common
ﬁxed points as the case may be. He also presented some
conditions which do not lead to ﬁxed points by providing
counter examples (see also [2–5]). Existence of ﬁxed points
and periodic points for cone metric spaces as well, were dis-
cussed in detail by Abbas and Rhodes [6]. Several authors
(see [7–9]) proved results that yield common periodic points
for pair of maps.
In this paper we present a few results that establish the exis-
tence of common periodic points for a pair of maps on a metric
(symmetric) space when the maps have a unique common ﬁxed
point. These results are supported by suitable examples.il.com
ptian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
4.007Deﬁnition 1.1. Let T be a self-mapping of X. A point x 2 X is
called a periodic Point of T, if there exists a positive integer m
such that Tmx= x.
Deﬁnition 1.2. Let f and g be self maps of a metric (symmetric)
space (X,d). A point x 2 X is called a common periodic point
of f and g, if there exist a positive integer m such that
fmx= gmx= x.2. Metric spaces
The main purpose of this section is to show a pair of maps sat-
isfying a certain contractive condition has a common periodic
point if and only if it has a unique common ﬁxed point in met-
ric space.
Deﬁnition 2.1. A metric on a set X is a function
d:X · Xﬁ [0,1) such that for all x, y, z 2 X
(i) d(x,x) = 0
(ii) d(x,y) = d(y,x) = 0, then x= y
(iii) d(x,y) = d(y,x)
(iv) d(x,y) 6 d(x,z) + d(z,y)gyptian Mathematical Society. Open access under CC BY-NC-ND license.
277Theorem 2.2. Let f and g be self maps of a metric space (X,d)
satisfying
dðfpx; gqyÞ < max
dðx; yÞ; ½dðx; f
pxÞ þ dðy; gqyÞ
2
;
½dðx; gqyÞ þ dðy; fpxÞ
2
 
ð1Þ
for each x, y 2 X(x „ y) for which the right hand side of (1) is
not zero, and where p, q are ﬁxed positive integers. Then u 2 X is
a common periodic point of f and g if and only if u is the unique
common ﬁxed point of f and g.
Proof. Obviously any common ﬁxed point is a periodic point.
To prove the converse, deﬁne S= fp, T= gq then the above
inequality becomes
dðSx;TyÞ < max
dðx; yÞ; ½dðx;SxÞ þ dðy;TyÞ
2
;
½dðx;TyÞ þ dðy;SxÞ
2
 

ð2Þ
Lemma 1. Let S and T satisfy (2). Then p = Sp iff p = Tp.
Proof. Suppose that p= Sp. If p „ Tp, then from (2) we have
dðp;TpÞ ¼ dðSp;TpÞ
< max dðp; pÞ; ½dðp;SpÞ þ dðp;TpÞ
2
;
½dðp;TpÞ þ dðp;SpÞ
2
 
¼ max dðp;TpÞ
2
;
dðp;TpÞ
2
 
¼ dðp;TpÞ
2
A contradiction. Similarly p= Tp implies that p= Sp h
Lemma 2. Let f and g satisfy (1). Then, if fp and gq have a com-
mon ﬁxed point, it is unique.
Proof. Suppose that r= fpr, s= gqs and that r „ s. Then from
(1),
dðr; sÞ ¼ dðfpr; gqsÞ
< max dðr; sÞ; ½dðr; f
prÞ þ dðs; gqsÞ
2
;
½dðr; gqsÞ þ dðs; fprÞ
2
 
¼ dðr; sÞ
a contradiction. h
Lemma 3. Let f and g satisfy (1). Then any ﬁxed point of fp is
also a ﬁxed point of gq.
Proof. Suppose that r= fpr. If r „ gqr then, from (1)
dðr; gqrÞ ¼ dðfpr; gqrÞ
< max dðr; rÞ; ½dðr; f
prÞ þ dðr; gqrÞ
2
;
½dðr; gqrÞ þ dðr; fprÞ
2
 
¼ dðr; g
qrÞ
2
a contradiction. h
Returning to the proof of the theorem, let u be a periodic
point of f.Then there exists a positive integer m such that
u= fmu= gmu.
Since u= fmu and u= gmu, u= fpmu= Sm u and u= gq-
mu= Tmu. From (2),
dðu;TuÞ ¼ dðSmu;Tmþ1uÞ < max
dðSm1u;TmuÞ; ½dðSm1u;SmuÞþdðTmu;Tmþ1uÞ
2
;
½dðSm1u;Tmþ1uÞþdðTmu;SmuÞ
2
( )
¼ max dðS
m1u; uÞ; ½dðu;TuÞþdðSm1u;uÞ
2
;
½dðu;uÞþdðSm1u;TuÞ
2
( )
Suppose that u „ Tu
Case I. d(u,Tu) < d(Sm1u,u). Then we have
dðu;TuÞ ¼ dðSmu;Tmþ1uÞ < dðSm1u;TmuÞ < . . . < dðu;TuÞ
a contradiction.
Case II. d(u,Tu) < d(Sm1u,Tu). Then we have
dðu;TuÞ ¼ dðSmu;TuÞ < dðSm1u;TuÞ < . . . < dðu;TuÞ
a contradiction.
Case III.
dðu;TuÞ < dðS
m1u; uÞ þ dðu;TuÞ
2
) dðu;TuÞ < dðSm1u; uÞ
Then by case (1),we get contradiction.
Therefore u= Tu. From Lemma 1, u= Su. We now have
u= fpu= gqu.
Thus fu= fp(fu). From Lemma 3, fu= gq(fu). Therefore fu
is also a common ﬁxed point of fp and gq. But, from Lemma 2,
the common ﬁxed point is unique.
Therefore u= fu.
A similar argument shows that u= gu.
Corollary 2.3. Let f and g be self maps of a metric space (X,d)
satisfying
dðfx; gyÞ < max dðx; yÞ; ½dðx; fxÞ þ dðy; gyÞ
2
;
½dðx; gyÞ þ dðy; fxÞ
2
 
For eachx, y 2 X(x „ y).Thenu 2 X isa commonperiodic point of f
and g if and only if u is the unique common ﬁxed point of f and g.
In the Theorem 2.2 set p= q= 1.
We present the following example as an illustration
Example 1. Let X= [0,1) and d(x,y) = Œx  yŒ.
When p= q= 1:
Deﬁne f; g : X! X by fx ¼ x
3
and gx ¼ 0. Clearly ‘ 0 ‘ is
the unique common ﬁxed point. Hence the unique common
periodic point. That f, g satisfy the above inequality may be
veriﬁed by considering the following cases
(i) x= 0,0 < y< 1;L.H.S= 0, R.H.S= ŒyŒ
(ii) y ¼ 0; 0 < x < 1; L:H :S ¼ jxj
3
;R:H :S ¼ jxj
(iii) Either 0 < x< y< 1 (or) 0 < y< x< 1
L:H:S ¼ jxj
3
R:H:S ¼ max jx yj;
2x
3
 þ jyj
2
;
jxj þ y x
3
 
3
 
L:H:S ¼ jxj
3
<
2x
3
 þ jyj
2
6 R:H:S
P. Sumati KumariWhen p= 3, q= 2:
The functions f and g satisfy the above inequality when
p= 3 and q= 2 as well, as such may be taken as an illustra-
tion for Theorem 2.2(with p= 3,q= 2).
Corollary 2.4. Let f and g be self maps of a metric space (X,d)
satisfying
dðfpx; gpyÞ < max dðx; yÞ; ½dðx;fpxÞþdðy;gpyÞ2 ; ½dðx;g
pyÞþdðy;fpxÞ
2
n o
for each x,y 2 X(x „ y) for which the right hand side of the
above inequality is not zero, and where p,q are ﬁxed positive
integers. Then u 2 X is a common periodic point of f and g if and
only if u is the unique common ﬁxed point of f and g.
In the Theorem 2.2, set q= p.
Corollary 2.5. Let f be self maps of a metric space (X,d)
satisfying
dðfpx; fqyÞ < max
dðx; yÞ; ½dðx; f
pxÞ þ dðy; fqyÞ
2
;
½dðx; fqyÞ þ dðy; fpxÞ
2
 
for each x, y 2 X(x „ y) for which the right hand side of above
inequality is not zero, and p be a ﬁxed positive integer. Then
u 2 X is a periodic point of f if and only if u is the unique ﬁxed
point of f.
In the Theorem 2.2, set g= f.
Corollary 2.6. Let f be a self map of a metric space (X,d)
satisfying
dðfpx; fpyÞ < max
dðx; yÞ; ½dðx; f
pxÞ þ dðy; fpyÞ
2
;
½dðx; fpyÞ þ dðy; fpxÞ
2
 
For each x, y 2 X(x „ y) for which the right hand side of above
inequality is not zero. Then u 2 X is a periodic point of f if and
only if u is the unique ﬁxed point of f.
In the Corollary 2.5, set p= q.
3. Symmetric spaces
The main purpose of this section is to show a pair of maps sat-
isfying a certain contractive condition has a common periodic
point if and only if it has a unique common ﬁxed point in sym-
metric space.
Deﬁnition 3.1. [10] A symmetric on a set X is a function
d:X · Xﬁ [0,1) such that for all x, y 2 X
(i) d(x,y) = 0 () x= y
(ii) d(x,y) = d(y,x)
Example 2.
dðx; yÞ ¼ xþ y if xþ y–0
¼ 0 if x ¼ y
278If d is symmetric on a set X, then for x 2 X and e> 0, we write
B(x, e) = {y 2 X:d(x,y) < e}. A topology s(d) on X is given
by U 2 s(d) if and only if for each x 2 X, B(x, e)  U for some
e> 0. A set S  X is a neighborhood of b 2 X iff there exists
U 2 s(d) such that b 2 U  S. A symmetric d is a semi-metric if
for each x 2 X and for each e> 0, B(x, e) is a neighborhood of
x in the topology s(d).
Theorem 3.2. Let f and g be self maps of a symmetric space
(X,d) satisfying
dðfpx; gqyÞ < maxfdðx; yÞ; dðx; fpxÞ; dðy; gqyÞ; dðx; gqyÞ; dðy; fpxÞg
ð3Þ
for each x, y 2 X(x „ y) for which the right hand side of (3) is
not zero, and where p, q are ﬁxed positive integers. Then u 2 X
is a common periodic point of f and g if and only if u is the unique
common ﬁxed point of f and g.
Proof. Obviously any common ﬁxed point is a periodic point.
To prove the converse, deﬁne S= fp, T= gq then (3) becomes
dðSx;TyÞ<maxfdðx;yÞ;dðx;SxÞ;dðy;TyÞ;dðx;TyÞ;dðy;SxÞg: 
ð4Þ
Lemma 1. Let S and T satisfy (4). Then p = Sp iff p = Tp.
Proof. Suppose that p= Sp. If p „ Tp, then from (4) we have
dðp;TpÞ ¼ dðSp;TpÞ < maxf0; 0; dðp;TpÞ; dðp;TpÞ; 0g
¼ dðp;TpÞ
a contradiction. h
Similarly p= Tp implies that p= Sp
Lemma 2. Let f and g satisfy (3). Then, if fp and gq have a
common ﬁxed point, it is unique.
Proof. Suppose that r= fpr, s= gqs and that r „ s. Then,
from (3),
dðr; sÞ ¼ dðfpr; gqsÞ < maxfdðr; sÞ; 0; 0; dðr; sÞ; dðr; sÞg ¼ dðr; sÞ
a contradiction. h
Lemma 3. Let fand g satisfy (3). Then any ﬁxed point of fp is
also a ﬁxed point of gq
Proof. Suppose that r= fpr. If r „ gqr then, from (3)
dðr; gqrÞ ¼ dðfpr; gqrÞ < maxf0; 0; dðr; gqrÞ; dðr; gqrÞ; 0g
¼ dðr; gqrÞ
a contradiction. h
Returning to the proof of the theorem, let u be a periodic
point of f;
i.e., there exists a positive integer m such that
u= fmu= gmu.
Since u= fmu and u= gmu, u= fpmu= Sm u and u= gq-
mu= Tmu. From (4),
279dðu;TuÞ ¼ dðSmu;Tmþ1uÞ < maxfdðSm1u;TmuÞ;
 dðSm1u;SmuÞ; dðTmu;Tmþ1uÞdðSm1u;Tmþ1uÞ;
 dðTmu;SmuÞg ¼ maxfdðSm1u; uÞ; dðu;TuÞ;
 dðSm1u;TuÞg ¼ maxfdðSm1u; uÞ; dðSm1u;TuÞg:
Suppose that u „ Tu
Case I. d(u,Tu) < d(Sm1u,u). Then we have
dðu;TuÞ ¼ dðSmu;Tmþ1uÞ < dðSm1u;TmuÞ < . . . < dðu;TuÞ
a contradiction.
Case II. d(u,Tu) < d(Sm1u,Tu). Then we have
dðu;TuÞ ¼ dðSmu;TuÞ < dðSm1u;TuÞ < . . . < dðu;TuÞ
a contradiction.
Therefore u= Tu. From Lemma 1, u= Su. We now have
u= fpu= gqu.
Thus fu= fp(fu). From Lemma 3, fu= gq(fu). Therefore fu
is also a common ﬁxed point of fp and gq. But, from Lemma 2,
the common ﬁxed point is unique. Therefore u= fu.
A similar argument shows that u= gu.
Corollary 3.3. Let f and g be self maps of a symmetric space
(X,d) satisfying
dðfx; gyÞ < maxfdðx; yÞ; dðx; fðxÞÞ; dðy; gðyÞÞ; dðx; gðyÞÞ; dðy; fðxÞÞg
For each x, y 2 X(x „ y). Then u 2 X is a common periodic
point of f and g if and only if u is the unique common ﬁxed point
of f and g.
In the Theorem 3.2, set p= q= 1.
We present the following example as illustration
Example 3. Let X= [0,1) and d(x,y) = (x  y)2.
Deﬁne f; g : X! X by fx ¼ x
3
and gx ¼ x
2
When one of x, y is zero:
The inequality holds clearly.
When 0 < y< x< 1:
L:H:S ¼ x
3
 y
2
 2
R:H:S ¼ max ðx yÞ2; 4x
2
9
;
y2
4
; x y
2
 2
; y x
3
 2 
CaseðiÞ If x
3
>
y
2
; L:H:S < ðx yÞ2 6 R:H:S
CaseðiiÞ If x
3
<
y
2
; L:H:S <
4x2
9
6 R:H:S
CaseðiiiÞ If x
3
¼ y
2
; L:H:S ¼ 0 < R:H:S
The Case 0 < x< y< 1 may be considered in a similar way.
Corollary 3.4. Let f and g be self maps of a symmetric space
(X,d) satisfying
dðfpx; gpyÞ < maxfdðx; yÞ; dðx; fpxÞ; dðy; gpyÞ; dðx; gpyÞ; dðy; fpxÞg
for each x, y 2 X(x „ y) for which the right hand side of the
above inequality is not zero, and where p, q are ﬁxed positive
integers. Then u 2 X is a common periodic point of f and g if
and only if u is the unique common ﬁxed point of f and g.In the Theorem 3.2, set q= p.
Corollary 3.5. Let f be self maps of a symmetric space (X,d)
satisfying
dðfpx; fpyÞ < maxfdðx; yÞ; dðx; fpxÞ; dðy; fpyÞ; dðx; fpyÞ; dðy; fpxÞg
for each x, y 2 X(x „ y) for which the right hand side of the
above inequality is not zero, and p be a ﬁxed positive integer.
Then u 2 X is a periodic point of f if and only if u is the unique
ﬁxed point of f.
In the Theorem 3.2, set g= f.
Corollary 3.6. Let f be a self map of a symmetric space (X,d)
satisfying
dðfx; fyÞ < maxfdðx; yÞ; dðx; fðxÞÞ; dðy; fðyÞÞ; dðx; fðyÞÞ; dðy; fðxÞÞg
For each x, y 2 X(x „ y) for which the right hand side of above
inequality is not zero. Then u 2 X is a periodic point of f if and
only if u is the unique ﬁxed point of f.
In the Corollary 3.3, set f= g.
Rhodes presented a list of deﬁnitions of contractive type con-
ditions for a self map on a metric space (X,d) and established
implications and non-implications among them, there by facili-
tating to check the implication of any new contractive condition
any one of the condition mentioned, so as to derive a ﬁxed point
theorem.Among the conditions, (11) condition is signiﬁcant as a
good number of Contractive conditions imply (11) condition.
We now present the symmetric versions of these conditions.
Let (X,d) be a symmetric space andf:Xﬁ X be a mapping
and x, y be any elements of X. Consider the following
conditions
1. (Sehgal): For each x, y 2 X, x „ y
dðfðxÞ; fðyÞÞ < maxfdðx; fðxÞÞ; dðy; fðyÞÞ; dðx; yÞg
2. For each x, y 2 X, x „ y
dðfðxÞ; fðyÞÞ < maxfdðx; fðyÞÞ; dðy; fðxÞÞ; dðx; yÞg
3. For each x, y 2 X, x „ y
dðfðxÞ; fðyÞÞ < maxfdðx; fðyÞÞ; dðy; fðxÞÞg
4. (Hardy and Rogers):There exists a non-negative con-
stants ai satisfying
P5
i¼1ai < 1Such that, for each x,
y 2 X,
dðfðxÞ; fðyÞÞ 6 a1dðx; yÞ þ a2dðx; fðxÞÞ þ a3dðy; fðyÞÞ
þ a4dðx; fðyÞÞ þ a5dðy; fðxÞÞ
5. (zamﬁrescu):There exists real numbers a; b; c; 0 6 a < 1;
0 6 b; c < 1
2
such that for each x, y 2 X, at least one of
the following is true:
I. d(f(x), f(y)) 6 ad(x,y),
II. d(f(x), f(y)) 6 b[d(x, f(x)) + d(y, f(y))],
III. d(f(x), f(y)) 6 c[d(x, f(y)) + d(y, f(x))].
6. For each x, y 2 X, x „ y
dðfðxÞ; fðyÞÞ < maxfdðx; yÞ; ½dðx; fðxÞÞ þ dðy; fðyÞ=2; ½dðx; fðyÞÞ
þ dðy; fðxÞÞ=2g:
280 P. Sumati Kumari7. (Ciric): There exist nonnegative functions q, r, s, t satis-
fying,
supx,y2X{q(x,y) + r(x,y) + s(x,y) + 2t(x,y)} 6 k< 1
such that for each x, y 2 X,
dðfðxÞ; fðyÞÞ 6 qðx; yÞdðx; yÞ þ rðx; yÞdðx; fðxÞÞ
þ sðx; yÞdðy; fðyÞÞ þ tðx; yÞ½dðx; fðyÞÞ
þ dðy; fðxÞÞ:
8. For each x, y 2 X, x „ y
dðfðxÞ; fðyÞÞ < maxfdðx; yÞ; dðx; fðxÞÞ; dðy; fðyÞÞ; ½dðx; fðyÞÞ
þ dðy; fðxÞÞ=2g:
9. There exists monotonically decreasing functions
ai:(0,1)ﬁ [0,1) satisfying
P5
i¼1aiðtÞ < 1, Such that,
for each x, y 2 X(x „ y)
dðfðxÞ; fðyÞÞ 6 a1dðx; yÞdðx; fðxÞÞ þ a2dðx; yÞdðy; fðyÞÞ
þ a3dðx; yÞdðx; fðyÞÞ þ a4dðx; yÞdðy; fðxÞÞ
þ a5dðx; yÞdðx; yÞ
10. (Ciric):There exists a constant h, 0 6 h< 1 such that for
each x, y 2 X,
dðfðxÞ; fðyÞÞ 6 hmaxfdðx; yÞ; dðx; fðxÞÞ; dðy; fðyÞÞ; dðx; fðyÞÞ; dðy; fðxÞÞg:
11. For each x, y 2 X, x „ y
dðfðxÞ; fðyÞÞ < maxfdðx; yÞ; dðx; fðxÞÞ; dðy; fðyÞÞ; dðx; fðyÞÞ; dðy; fðxÞÞg:
Theorem 3.7. Let f be a self map of a symmetric space (X,d)
satisﬁes one of the condition through 1 to (11). Then f has a
periodic point if and only if f has a unique ﬁxed point.
Proof. Rhodes proved that when d is a metric
(1) ) (11); (2) ) (11); (3) ) (11)
(4) ) (5) ) (6) ) (8) (11)
(5) ) (7) ) (10) ) (11)
(4) ) (9) ) (11)
Consequently these implications hold good in a symmetric
space. It now follows from corollary 3.6 that f has a unique
ﬁxed point if and only if f has a periodic point. h4. Conclusion
In this paper we establish that a pair of self maps on a metric
(symmetric) space satisfying a certain contractive condition
has a common periodic point if and only if the pair has a un-
ique common ﬁxed point.Acknowledgements
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